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Abstract 

The teaching of geometry in Chile faces several challenges, as evidenced by the low performance 

of students in international assessments. In particular, the concept of homothety is impacted by 

teaching methodologies that emphasize rote memorization and procedural repetition rather than 

conceptual understanding. This study explores how a task sequence fosters mathematical work 

with the concept of homothety among 15- to 16-year-old students in a public high school in the 

Maule Region of Chile. Grounded in the mathematical working space (MWS) theory, this research 

provides a framework for analyzing how students engage with mathematical tasks. Employing a 

qualitative approach, specifically a case study, the findings reveal that the task sequence 

contributes to progressive mathematical reasoning. The study concludes that the designed 

activities align with the criteria for “emblematic tasks”, evidencing their fundamental role in 

supporting students’ conceptual understanding of homothety. 
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INTRODUCTION 

International assessments, such as the 2022 program 
for international student assessment, underscore the 
persistent challenges faced by Chilean students in 
mathematics, with performance levels declining 
compared to previous years. The data reveal that 44% of 
students performed at a deficient level, evidencing only 
the ability to represent simple mathematical situations 
without explicit guidance. In contrast, only 1% reached 
the highest proficiency level, which entails modeling 
complex situations and identifying appropriate solution 
strategies (OECD, 2023). Similarly, the 2019 trends in 
international mathematics and science study reported 
comparable findings, positioning Chile 59 points below 
the international average. Notably, only 1% of students 
attained an advanced level, with the study further 
highlighting that performance in geometry was 
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significantly lower than the overall mathematics score 
(Agency for Quality Education [Chile], 2020). 

These results may be linked to dominant classroom 
practices, where instruction is largely procedural, 
focusing on step-by-step execution of operations that 
students are expected to replicate. This approach limits 
opportunities for mathematical reasoning in unfamiliar 
contexts and negatively affects student motivation in the 
subject (e.g., Araya-Crisóstomo & Urrutia, 2022; Durán-
Vargas et al., 2021; Gamarra-Astuhuaman & Pujay, 2021; 
Intriago & Naranjo, 2023; OECD, 2021; Rodríguez et al., 
2013). Geometry education is particularly impacted by 
this rigid instructional model (e.g., Padilla-Ortiz, 2024), 
and in Chile multiple challenges hinder geometry 
instruction, including restricted classroom time, 
textbook organization, and traditional teaching 
methodologies (Aravena-Díaz & Caamaño, 2013; 
Aravena-Díaz et al., 2016; Henríquez-Rivas et al., 2021). 
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As a core component of the national mathematics 
curriculum, geometry is designed to equip students with 
problem-solving skills while fostering an understanding 
of space, shapes, and dimensions (Fernández-Nieto, 
2018; Quijano, 2022). The curriculum emphasizes the 
development of reasoning skills, enabling students to 
analyze their surroundings and engage in rigorous 
mathematical thinking (Carreño & Cruz, 2016; Ministry 
of Education [Chile], 2016a). However, a comparison 
between the first-year secondary school curriculum 
(Ministry of Education [Chile], 2016b) and the student 
textbook (Fresno-Ramírez et al., 2023) reveals 
inconsistencies. While the curriculum aims to promote 
conceptual understanding, the textbook prioritizes 
technical applications and formulaic learning, limiting 
students’ deeper engagement with geometric concepts 
such as homothety (Gómez-Calalán & Andrade-Molina, 
2022). Additionally, significant gaps in activity design 
were identified, particularly in the integration of 
educational software, with only a single digital tool 
suggested for the entire lesson. 

Recent research has explored didactic approaches for 
teaching homothety. One such study, development of 
geometric thought in high school students when they learn the 
concept of homothecy (Labra-Peña & Vanegas-Ortega, 
2022), designed a sequence of activities based on Van 
Hiele’s model. The findings underscore the need for 
further research into how instructional sequence design 
shapes students’ understanding of homothety. Another 
relevant study by Castro-Cortés et al. (2019) presents a 
structured sequence of tasks, activities, and situational 
problems, emphasizing the importance of engaging 
students in meaningful activities that enhance 
mathematical skill development. Similarly, school 
curriculum discordances: homothety beyond proportionality 
(Gómez-Calalán & Andrade-Molina, 2022) and 
adidactical situation for a homothetic transformation in the 
Euclidean plane (Siles, 2024) critique the limitations of 
geometry textbooks issued by the Chilean Ministry of 
Education. These studies employ the theory of didactical 
situations to propose alternative instructional strategies 
aimed at improving the teaching and learning of 
homothety, with an approach that is more meaningful 

and contextualized in relation to the mathematical 
object. 

The aforementioned studies highlight the need for 
further research in geometry education, with a particular 
emphasis on homothety, given the limited number of 
existing studies on this mathematical concept. Within 
this framework, teachers play a crucial role in 
developing students’ geometric reasoning skills, 
underscoring the importance of adopting effective 
teaching strategies and resources that enrich the learning 
process (e.g., Espinoza-Vásquez & Verdugo-Hernández 
2022; Fernández-Nieto, 2018; Henríquez-Rivas et al., 
2021; Intriago & Naranjo, 2023). To achieve this, 
instructional designs should be systematic, 
progressively complex, and aimed at deepening 
students’ mathematical understanding in geometry 
education (Gómez-Chacón et al., 2016). One promising 
pedagogical approach is the implementation of task-
based learning, which provides valuable insights into 
students’ mathematical reasoning and problem-solving 
processes (Kuzniak, 2022). To enhance this, integrating 
information and communication technologies (ICT) is 
crucial, as they support and expand learning 
opportunities (Ministry of Education [Chile], 2016a; 
Perdomo-Andrade, 2022). Among the most effective 
digital tools, GeoGebra stands out in geometry 
education, offering students a dynamic and interactive 
platform to explore geometric concepts (García-Cuéllar, 
2023; Intriago et al., 2023; Restrepo-Ochoa, 2022). 

From the above mentioned, the central research 
question emerges: How do first-year secondary students 
respond to a redesigned task-based proposal that fosters 
mathematical work on homothety? To address this, the 
study sets forth the following objective: To analyze the 
mathematical problem-solving process within a task-
based approach aimed at fostering mathematical 
engagement with homothety among first-year 
secondary students (aged 15-16) at a public high school 
in the Maule Region of Chile. 

Contribution to the literature 

• This study expands the existing literature on homothety instruction by examining it from the perspective 
of students’ mathematical work, addressing challenges in teaching and learning processes within the 
Chilean educational context. It highlights the task redesign and implementation process carried out by a 
teacher-in-training during her intermediate practicum, emphasizing the importance of training future 
mathematics teachers in task design and equipping them with necessary research skills for this role.  

• The study contributes to the mathematical working space (MWS) theory, specifically regarding 
emblematic tasks. Given that reference MWS must be adapted, the study reveals that textbooks in Chile 
often present inconsistencies that may further challenge students’ understanding.  

• The findings highlight that this approach not only supports progressive learning but also aligns with 
emerging pedagogical strategies, providing valuable insights for in-service teachers to enhance instruction 
and assess students’ learning processes more effectively. 
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THEORETICAL FRAMEWORK 

Mathematical Working Spaces  

The MWS theory is a conceptual framework used in 
educational research to analyze how individuals–
teachers, students, or mathematicians–engage in 
mathematical activity within an educational context 
(e.g., Espinoza-Vásquez et al., 2025; Kuzniak, 2022; 
Montoya-Delgadillo & Vivier, 2016; Verdugo-
Hernández & Caviedes, 2024) (Figure 1). Within this 
framework, mathematical work is understood as an 
intellectual and continuously evolving process, 
structured around three fundamental aspects: the goal, 
the processes involved, and the mathematical outcomes 
(Kuzniak, 2022; Kuzniak & Nechache, 2021). 
Additionally, this theory allows researchers to analyze 
the actions undertaken by individuals when solving 
mathematical tasks (Kuzniak, 2022).  

The MWS model organizes mathematical activity 
across two horizontal planes: the epistemological and 
cognitive dimensions (e.g., Kuzniak, 2011; Kuzniak & 
Nechache, 2021; Montoya-Delgadillo & Vivier, 2016). 
The epistemological plane refers to the organization of 
mathematical knowledge, defining the objects and tools 
necessary for carrying out mathematical work. The 
cognitive plane, in contrast, is linked to the student’s 
cognitive engagement, particularly their reasoning 
processes in mathematical problem-solving. Each of 
these planes consists of three essential components. 
Within the epistemological plane, the first component is 
semiotic representation, known as the representamen, 
which consists of symbols, signs, and tangible 
representations. The second component is the referential 
component, encompassing theoretical foundations such 
as properties, definitions, and theorems. The third 
component includes artifacts, which may be material 

(e.g., drawing tools) or symbolic (e.g., mathematical 
software) (Kuzniak, 2022). On the cognitive plane, three 
interrelated components shape students’ mathematical 
activity: visualization, which enables the interpretation 
of representations and material supports; construction, 
which depends on the use of artifacts and mathematical 
techniques; and proof, which is based on the referential 
component and is fundamental in the validation of 
mathematical reasoning (e.g., Espinoza-Vásquez & 
Verdugo-Hernández, 2022; Kuzniak, 2022). 

According to MWS theory, mathematical work is a 
dynamic and progressive process in which 
epistemological and cognitive components interact. 
These interactions link both planes through three 
fundamental types of genesis. The semiotic genesis 
connects the visualization process with semiotic 
representations, facilitating cognitive comprehension 
through symbolic decoding and interpretation, 
transforming signs into operational mathematical 
objects. The instrumental genesis refers to the use of 
artifacts, enabling them to support construction 
processes in mathematical work. The discursive genesis 
establishes a link between proof and theoretical 
references, playing a key role in mathematical reasoning 
by providing meaning to theorems and mathematical 
properties (Kuzniak, 2022; Montoya-Delgadillo & 
Vivier, 2016).  

In addition to the components and their associated 
forms of genesis, Coutat and Richard (2011) introduced 
the vertical planes, which represent the interaction and 
circulation between the different genesis types (see 
Figure 2). These vertical planes are classified into three 
categories: [Sem-Ins], which links semiotic and 
instrumental genesis; [Ins-Dis], which connects 
instrumental and discursive genesis; and [Sem-Dis], 
which circulate between semiotic and discursive genesis 
(Kuzniak, 2022; Montoya-Delgadillo & Vivier, 2016).  

Furthermore, within the MWS theory, three specific 
types of MWS are defined in the educational context 
(e.g., Espinoza-Vásquez & Verdugo-Hernández, 2022; 
Gómez-Chacón et al., 2016). These types allow for a 
comprehensive study of mathematical work, 
considering the integration of tools and instruments 

 
Figure 1. Components of the MWS (Kuzniak et al., 2016, p. 
725) 

 
Figure 2. Vertical planes in the MWS (Kuzniak, 2022) 
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(Kuzniak & Nechache, 2016). The three types of MWS 
include the reference MWS, the suitable MWS, and the 
personal MWS. The reference MWS establishes a 
suitable or expected mathematical organization based on 
formal mathematical criteria. The suitable MWS adapts 
the reference MWS to make it practical and effective 
within a specific educational context. The personal MWS 
is an individual construct that may be developed by a 
student or teacher in response to mathematical tasks and 
learning experiences (Kuzniak, 2022). 

A mathematical task is considered complete when it 
meets two key conditions. First, there must be a 
connection between the epistemological and cognitive 
planes, ensuring that students use appropriate tools and 
instruments to address the proposed mathematical 
situation. Second, the task must allow for smooth 
transitions between different forms of genesis and 
vertical planes, incorporating the use of various 
components, including tools, techniques, and 
mathematical properties (Kuzniak & Nechache, 2016). 
Although the MWS theory does not explicitly define the 
concept of a task, tasks play a critical role in 
mathematical activity by activating mathematical work 
and enabling the study of its circulations (Kuzniak, 2011; 
Montoya-Delgadillo et al., 2014).  

Kuzniak (2022) emphasizes that tasks serve as a 
medium for problem-solving, aligning with Sierpinska’s 
(2004) definition, which was later refined by Nechache 
(2017). According to this perspective, “a ‘mathematical 
task’ refers to any type of mathematical exercise, question, or 
problem, with clearly formulated assumptions and questions, 
that is known to be solvable in a timely manner by students in 
a well-defined MWS” (p. 8).  

This definition is rooted in the idea that tasks function 
as a bridge for students to apply techniques and 
knowledge. Consequently, they are not merely 
instructional tools but essential elements in shaping 
students’ mathematical work and problem-solving 
strategies. Moreover, tasks are shaped by the objectives 
they aim to achieve and the actions required for their 
execution.  

Examining tasks in relation to their implementation 
allows for a dual analytical approach. First, it focuses on 
the study of signs, techniques, and theoretical properties 
that are mobilized during mathematical work. Second, it 
considers the discrepancies between students’ expected 
mathematical development and their actual 
performance (Kuzniak, 2022). In this context, Kuzniak 
and Nechache (2016) introduced the concept of 
“emblematic tasks”, which are characterized by their 
representativeness of instructional practices. These tasks 
reflect the pedagogical decisions made by teachers 
during the teaching process (Henríquez-Rivas et al., 
2022). Their validity is supported through analysis and 
experimentation, offering a comprehensive perspective 
on mathematical work. 

For a task to be considered emblematic, it must meet 
three conditions simultaneously (Kuzniak, 2022). First, it 
must be included in the reference MWS, which, in this 
study, corresponds to the mathematics curriculum 
framework for first-year secondary education. Second, it 
must be integrated into the suitable MWS, as defined in 
the student textbook, teacher’s didactic guide, and 
regular classroom activities. Third, it must support the 
development of complete mathematical work, 
facilitating circulation and interaction among 
components, genesis, and vertical planes of the MWS. 

METHOD 

Research Characteristics 

To analyze students’ mathematical work through the 
implementation of a task-based proposal for secondary 
education, this study follows a qualitative approach 
(Denzin & Lincoln, 2012). It is designed as a case study 
(Stake, 2007) and focuses on a single representative case 
(Yin, 2018) within a specific school context, allowing for 
an in-depth evaluation of students’ mathematical work 
with the proposed task. The research was conducted in 
five key stages: 

1. First stage. Literature review: A review of 
existing research (Creswell, 2014) was conducted 
to identify the characteristics of a task that 
promotes students’ mathematical work on 
homothety. This included analyzing curriculum 
documents across different educational levels.  

2. Second stage. Study of mathematical objects: 
This stage focused on the reference MWS, 
examining the mathematics curriculum for first-
year secondary education (Ministry of Education 
[Chile], 2016b). The curriculum was compared 
with the student textbook proposal (Fresno-
Ramírez et al., 2023) to identify a curriculum-
based task related to homothety. 

3. Third stage. Task adaptation: Within the suitable 
MWS, the selected task was adapted for 
instructional use, considering insights from the 
literature review. The adapted task was validated 
by experts in mathematics education (Galicia-
Alarcón et al., 2017) and revised based on expert 
feedback.  

4. Fourth stage. Classroom implementation: Within 
the effective suitable MWS, the adapted task was 
implemented in four instructional sessions, each 
lasting 90 minutes. 

5. Fifth stage. Task analysis: The students’ 
responses from the fourth stage were analyzed 
using a task analysis protocol (Espinoza-Vásquez 
& Verdugo-Hernández, 2022) to examine their 
mathematical work. 
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For the purposes of this study, the focus on the 
second stage, which involves the study of the 
mathematical object within the reference MWS, and the 
third stage, which entails the adaptation of the task 
within the suitable MWS, is addressed briefly. Greater 
emphasis is placed on the fourth stage, which involves 
classroom implementation within the effective suitable 
MWS, and the fifth stage, which pertains to task analysis 
within the personal MWS of students.  

Population and Sample 

The sample comprises first-year secondary students 
from a public high school in the Maule Region of Chile, 
aged 15 to 16 years. The selection is based on the interest 
in examining a representative case for each task, aimed 
at providing deeper insights into students’ 
understanding of the mathematical object.  

Instrument: Task Sequence 

The task sequence is adapted to the educational level 
at which it is implemented, specifically first-year 
secondary education. The sequence spans four 
instructional sessions, as outlined below: 

1. Session 1. Task 1 – Part 1: “Basic notions,” 
including the introduction, and part 2: “Basic 
notions with concrete materials”. 

2. Session 2. Task 2 – ”Construction with ruler and 
compass to determine the homothety ratio.” 

3. Session 3. Task 3 – ”Constructing direct and 
inverse homotheties using GeoGebra.” 

4. Session 4. Task 4 – ”Real-world applications of 
homothety using GeoGebra applets.” 

The adaptations of the task sequence were carried out 
by a pre-service teacher in her fourth year of training, 
who redesigned, piloted, and validated the tasks in 
collaboration with experts in didactics and mathematics, 
following the stages previously described. The research-
action practice involved 12 hours of fieldwork, allowing 
for a gradual immersion in the school environment. This 
process enabled engagement with different educational 

levels, identification of existing challenges, and the 
design and execution of proposals aimed at improving 
the teaching and learning of mathematics.  

Analysis  

The study adopts the methodology proposed by 
Kuzniak and Nechache (2021). This approach consists of 
describing and analyzing the main actions involved in 
completing a task by segmenting students’ activity into 
episodes, each comprising a sequence of mathematical 
actions. After identifying these episodes, an analysis was 
conducted using a protocol that defines descriptors 
based on various criteria, which describe the circulation 
between MWS components (Table 1). 

RESULTS  

Considering the second stage, a review of the first-
year secondary mathematics curriculum (Ministry of 
Education [Chile], 2016b) was conducted. This 
curriculum includes a unit dedicated to geometry, which 
establishes the following learning objective (OA8): 

“Evidence understanding of the concept of 
homothety by relating it to perspective, the 
function of optical instruments, and the human 
eye; measuring appropriate segments to 
determine homothety properties; applying 
homothety properties to construct objects 
manually and/or using educational software; and 
solving real-world and interdisciplinary 
problems.” 

As part of the third stage, a homothety-related task 
was identified in the mathematics textbook by Fresno-
Ramírez et al. (2023). While this task introduces 
homothety, it exhibits a notable disconnect from 
students’ real-world experiences and lacks an explicit 
connection to their prior mathematical knowledge 
(Labra-Peña & Vanegas-Ortega, 2022). The example 
provided features an inverse homothety (see Figure 3), 
which is uncommon in everyday contexts as presented.  

Table 1. Protocol used to analyze circulations within the MWS (Espinoza-Vásquez & Verdugo-Hernández, 2022) 

Criteria Component Descriptor 

Semiotic 
genesis (SG) 

Representamen Establishes relationships between mathematical objects and significant elements. 
Visualization Interprets and connects mathematical objects with registers of semiotic representation 

(identification, transformations, and conversions). 

Instrumental 
genesis (IG) 

Artifact Uses material artifacts or symbolic systems. 
Construction Based on processes triggered by the artifacts used and the associated usage techniques. 

Discursive 
genesis (DG) 

Referential Uses definitions, properties, or theorems. 
Proof Discursive reasoning relies on various forms of justification, argumentation, or proof. 

Vertical 
plane 

[Sem-Ins] Artifacts are used to construct results under specific conditions or to explore semiotic 
representations. 

[Ins-Dis] The proof process is based on experimentation with an artifact or on validating a 
construction. 

[Sem-Dis] The validation process of represented objects is coordinated with discursive reasoning 
to establish proof. 
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Additionally, the structure of the introductory 
example may lead to conceptual confusion, particularly 
for students already familiar with isometric 
transformations from previous grade levels. 

To create a more effective introductory task, an 
activity was designed using a projector, a resource 
available in every classroom where the implementation 
took place. The proposed task is illustrated in Figure 4. 

To enhance students’ understanding of homothety, a 
practical activity was introduced, aimed at familiarizing 
students with the new concept and enabling them to 
recognize its real-world applications (Figure 5). 

For task 2, a construction activity using a ruler and 
compass was designed. The original activity proposed in 
the textbook (Figure 6) was modified by removing the 
explicit reference to the homothety ratio, shifting the 
focus towards allowing students to derive and formalize 

the relevant properties independently. This adaptation 
resulted in the revised task (Figure 7). 

For task 3, which required students to construct 
various homotheties using GeoGebra, the original 
textbook activity (Figure 8) was revised to provide 
greater structure and focus. The initial task was overly 
broad in its use of GeoGebra, making it difficult for 
students to engage meaningfully with the software. The 
adapted version ensures that students build homotheties 
with a clear objective, reinforcing the integration of ICT 
tools in geometry learning. 

Figure 8 illustrates the original textbook presentation 
of homothety, while Figure 9 presents the revised 
version, which incorporates a brief instructional manual 
on GeoGebra. This manual introduces basic 
functionalities, ensuring that all students develop a 
common level of proficiency before proceeding with task 
3. 

 
Figure 3. Introduction to the concept of homothety (Fresno-
Ramírez et al., 2023, p. 107) 

 
Figure 4. Excerpt from the proposed introductory task 1 
(Source: Authors’ own elaboration) 

 
Figure 5. Task 1 proposal as a practical activity simulating 
homothety with everyday objects (Source: Authors’ own 
elaboration) 

 
Figure 6. Excerpt from the student textbook activity on 
construction with ruler and compass (Fresno-Ramírez et al., 
2023, p. 108) 

 
Figure 7. Task 2 proposal on construction with ruler and 
compass (Source: Authors’ own elaboration) 

 
Figure 8. Student textbook activity on construction using 
the GeoGebra software (Fresno-Ramírez et al., 2023, p. 111) 
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The final stage of the sequence centered on the design 
of task 4, which explored real-world applications of 
homothety, particularly in physics through the use of 
GeoGebra applets. 

The original textbook activity on natural science 
applications (Figure 10) was redesigned into a more 
structured version titled “image formation in the eye” 
(Figure 11). This adaptation aimed to help students 
apply prior knowledge, differentiate between various 
types of homothety, and perform mathematical 
calculations related to image formation.  

Figure 12 shows excerpt 2 from the proposed task 4 
on the use of applets and real-life problem-solving.  

The fourth and fifth stages outlined in the method 
section are presented below. To analyze them, the 
protocol specified in Table 1 was applied to examine the 
student’s personal MWS in detail. 

Implementation and Task Analysis: Effective Suitable 
MWS and Student’s Personal MWS  

Task 1. Part 1–Basic notions  

Description of the work: The teacher [T] interacts 
dynamically with the students [S] to gradually introduce 

the concept of homothety, as seen in the following 
excerpt [1-4]:  

1 T: Imagine we are in a movie theater. If you have 
never been to one, picture yourself here in the 
classroom, watching a projection on the board. In 
front of you, on the wall, a giant image of a movie 
appears, projected from a small projector located 
at the upper back of the room. 

2 T: Now, how do you think such a small device 
can project these images onto a large screen? Write 
down your ideas in your guide. 

3 T: How do you think it achieves that projection? 

4 S1: With light? 

5 T: Okay, write down your ideas. 

Later in the lesson, students are encouraged to 
identify the same mathematical object in familiar devices 
or instruments, as illustrated in the following interaction 
[6-15]: 

 
Figure 9. Task 3 proposal on constructions with GeoGebra 
and identification of direct and inverse homotheties 
(Source: Authors’ own elaboration) 

 
Figure 10. Excerpt from the student textbook activity 
(Fresno-Ramírez et al., 2023, p. 113) 

 
Figure 11. Excerpt 1 from the proposed task 4 on the use of 
applets and real-life problem-solving (Source: Authors’ 
own elaboration) 

 
Figure 12. Excerpt 2 from the proposed task 4 on the use of 
applets and real-life problem-solving (Source: Authors’ 
own elaboration) 
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6 T: What other devices or instruments do you 
think use the same principle to enlarge or reduce 
images? There is one you have right at your 
fingertips. 

7 S2: A mobile phone. 

8 T: Can you explain how a phone does it? How 
do you recognize that it uses homothety? 

9 S2: With photos. 

10 T: How with photos? 

11 S2: When taking a photo, it reduces the size of 

the large space we want to capture. 

12 T: And it reduces its size. Good. 

13 T: There’s another function as well. 

14 S3: Zoom. 

15 T: Very good. 

Theoretical analysis: This activity activates the 
referential component, as the teacher attempts to elicit 
students’ prior knowledge and real-world experiences 
before introducing the first homothety task. 
Visualization is also integrated, enabling students to 
relate the mathematical object to different 
representations. This section reflects the effective 
suitable MWS, as the teacher dedicates an entire session 
to introducing basic homothety concepts due to it being 
a new topic. The teacher-student interactions are 
emphasized, fostering an engaging learning 
environment. The teacher’s approach to questioning and 
guiding students’ responses promotes active 
participation, as evidenced in the exchange (e.g., 
excerpts [6-15]).  

Task 1: Part 2–Representing homothety with everyday 
objects 

Identification of key work episodes: In part 2, four 
key work episodes [E] were identified:  

1. E1: Measuring the side lengths of provided 
figures. 

2. E2: Setting up the system with a light source. 

3. E3: Manipulating the system by moving the figure 
closer to or further from the light source. 

4. E4: Formalizing observations and conclusions. 

In E1, students measure the side lengths of the 
provided figures, which include equilateral triangles 
and squares with 6 cm-long sides. They use various 
registers of representation, with natural language being 
the most prevalent, as shown in Figure 13.  

In E2, students construct a setup to visualize 
homothety using concrete materials, positioning the 
light source parallel to the table surface and placing the 
object between them. This leads to E3, where they adjust 
the object’s distance from the light source (Figure 14). 
Upon completing the practical exercise, they proceed to 
E4, where they respond to related questions (Figure 15). 
To monitor student progress during E4, the following 
interaction took place:  

1 T: Here’s another question. What happens to the 
shape of the shadow? Does it remain the same, or 
does it change? 

2 S4: It changes. 

3 T: Pay attention. Does the shape of the shadow 

change? 

4 S4: No, only its size. 

5 T: Good. If you move it closer to the light source, 
does it stop being a square? 

6 S4: No. 

 
Figure 13. Type of register used by the student (Source: 
Authors’ own elaboration) 

 
Figure 14. Simulation of an enlargement by moving the 
object closer to the light source (mobile phone) (Source: 
Authors’ own elaboration) 
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7 T: And if you move it farther away, does it stop 
being a square? 

8 S4: No. 

Theoretical analysis: According to the theoretical 
framework, this task activates the referential component, 
including homothety definitions and properties, as well 
as segment measurements (E1). Additionally, students 
use non-mathematical artifacts, such as a light source 
and concrete materials (E2), which enables construction-
based learning (E3). This process activates the 
instrumental genesis. Furthermore, visualization plays a 
crucial role, as students engage in a hands-on activity to 
represent inverse homothety using everyday objects. In 
E4, students incorporate prior knowledge, such as the 
geometric properties of shapes, reinforcing referential 
understanding. 

This section illustrates the student’s personal MWS, 
which evolves as they interact with the new content. 
Throughout their work, they transition across various 
genesis. The [Sem-Ins] plane is activated, as non-
mathematical artifacts, like the light source, facilitate 
construction and visualization. 

Task 2. Constructing homothety with a ruler and 
compass to determine the homothety ratio  

Identification of key work episodes: For this task, 
seven key work episodes [E] were identified:  

1. E1: Drawing a polygon and marking its vertices. 

2. E2: Marking the homothety center (point O). 

3. E3: Drawing geometric rays. 

4. E4: Drawing homothetic points using a compass. 

5. E5: Connecting homothetic points to form the 
resulting figure. 

6. E6: Measuring the center-to-vertex distance to 
determine the homothety ratio. 

7. E7: Formalizing results.  

In E1, students were required to draw a polygon of 
their choice to serve as the original figure, with triangles 
and quadrilaterals being the most commonly selected. 
The vertices were marked in a systematic order. In E2, 
students identified and marked the homothety center on 
the designated plane, leading to E3, where they drew 
geometric rays passing through point O and each vertex 
of the original figure. Subsequently, in E4, using a 
compass, students proceeded to copy the center-to-
vertex length onto the previously drawn ray. At this 
stage, students showed two distinct approaches to 
completing the activity, resulting in different homothetic 
constructions. To obtain the image figure, students 
transitioned to E5, where they connected each of the 
homothetic points, thereby marking the new vertices 
(see Figure 16 and Figure 17). 

Once the construction activity was completed in E6, 
students measured the distances from the center to each 
vertex and recorded the obtained values to calculate the 
ratio between the homothetic and original lengths (see 
Figure 18 and Figure 19). To guide students in 
determining the homothety ratio, the following 
interaction between the teacher [T] and students [S] took 
place: 

1 T: In line with our objective, we are going to 
determine the homothety ratio. The guide states 
that we need to calculate a quotient. Do you 
remember what a quotient is? 

 
Figure 15. Example of a student’s responses regarding the 
practical activity (Source: Authors’ own elaboration) 

 
Figure 16. Construction of a direct homothety by student 1 
(Source: Authors’ own elaboration) 
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2 S5: We perform a division. 

3 T: Very good. 

4 T: Now, let’s measure the distance between 
point O and vertex A. Check your constructions 
and record the measurements in your guides. 

5 T: Now that you have measured this distance, 
you should repeat the process for each vertex in 
both the image figure and the original figure. 

The above-mentioned process led to E7, in which 
students formalized their conclusions by responding to 
guiding questions (see Figure 20 and Figure 21). 

Theoretical analysis: Students engage in the concept 
of polygons, which activates the referential component 

by mobilizing prior knowledge of geometric figures and 
their properties (E1).  

As they progress in the task, students activate the 
representamen by identifying and constructing the 
homothety center as a point on the plane (E2).  

The use of artifacts plays a central role in the 
construction process, with the ruler and compass being 
essential tools for drawing geometric rays (E3) and 
marking homothetic points (E4), thereby activating the 
instrumental genesis. This episode reflects a deeper level 
of conceptual understanding, as the visualization of the 
figure–by connecting the homothetic points–facilitates 
the construction of the image figure, activating the 
semiotic genesis (E5). 

Following the construction of the homothety, the 
proof process is observed in line with Balacheff’s (1987). 
As students measure segment lengths and identify 
regularities and a consistent homothety ratio (E6), they 
confirm their constructions by applying geometric 
properties (E7), thereby activating the discursive 
genesis. 

The previous analysis highlights the progressive 
activation of different genesis, allowing for transitions 
between vertical planes. For instance, the proof of the 
construction activates the [Ins-Dis] plane. The validation 
of represented objects, using discursive reasoning, 
engages the [Sem-Dis] plane. Finally, the use of artifacts 
in the construction process under specific conditions 
facilitates circulation within the [Sem-Ins] plane.  

 
Figure 17. Construction of an inverse homothety by student 
2 (Source: Authors’ own elaboration) 

 
Figure 18. Response of student 1 when calculating the ratio 
of direct homothety (Source: Authors’ own elaboration) 

 
Figure 19. Response of student 2 when calculating the ratio 
of inverse homothety (Source: Authors’ own elaboration) 

 
Figure 20. Student 1’s response when formalizing results 
and conclusions (Source: Authors’ own elaboration) 

 
Figure 21. Student 2’s response when calculating the ratio 
of inverse homothety (Source: Authors’ own elaboration) 
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 Task 3: Construction of direct and inverse homotheties 
in GeoGebra 

Identification of key work episodes: In this task, five 
key work episodes [E] were observed:  

1. E1: Drawing any polygon. 

2. E2: Marking the homothety center. 

3. E3: Drawing geometric rays. 

4. E4: Constructing a homothety with an arbitrary 
ratio. 

5. E5: Varying the homothety ratio to distinguish 
between direct and inverse homotheties and 
identifying their properties. 

In E1, students were required to construct a polygon 
of their choice using GeoGebra, drawing on prior 
knowledge from the previous task. In E2 and E3, they 
marked a random point on the plane as the homothety 
center and then drew geometric rays through it. 
Subsequently, in E4, students used GeoGebra’s built-in 
homothety function to construct a homothety with an 
arbitrary ratio (see Figure 22). This led to E5, where they 
varied the ratio values to generate different homotheties, 
enabling them to identify key properties (see Figure 23) 
and answer associated questions (see Figure 24).  

Theoretical analysis: In E1, students utilized digital 
drawing tools in GeoGebra, activating the instrumental 
genesis while constructing a geometric representation. 
The representamen was also engaged, as students 
related the mathematical object to its geometric register 
through their polygon construction. In E2 and E3, 
students identified and marked the homothety center, 
then drew the necessary rays. These actions further 
mobilized representamen and visualization, leading to 
the activation of semiotic genesis. In E4, GeoGebra was 
used as an artifact to construct direct and inverse 
homotheties, facilitating a transition to instrumental 
genesis. In E5, as students modified the homothety ratio, 
they activated the referential component, requiring an 
understanding of geometric properties to correctly 
interpret and identify homothetic transformations. 

The semiotic genesis was evident in how students 
engaged with the software’s visualization tools, which 
acted as a bridge between mathematical objects and their 
representations. Likewise, the instrumental genesis was 
mobilized as students manipulated the GeoGebra 
interface to complete various constructions. These two 
genesis interacted through the vertical plane [Sem-Ins], 
where artifacts were used under specific conditions to 
construct homotheties. 

Task 4: Applications of homothety in real-world 
situations  

Identification of key work episodes: For this task, four key 
work episodes [E] were observed:  

1. E1: Manipulation of GeoGebra applets. 

 
Figure 22. Student 1’s response on the construction in 
GeoGebra (Source: Authors’ own elaboration) 

 
Figure 23. Student 1’s response when identifying direct and 
inverse homotheties (Source: Authors’ own elaboration) 

 
Figure 24. Formalization of student 1’s responses (Source: 
Authors’ own elaboration) 
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2. E2: Recording explicit data. 

3. E3: Performing required calculations. 

4. E4: Formalizing the obtained results.  

In E1, students explored two problem scenarios 
involving real-world applications of homothety, 
manipulating pre-designed GeoGebra applets. This led 
to E2, where students recorded essential data in their 
work guides. Furthermore, in E3, they calculated the 
homothety ratio and the length of homothetic segments. 
Finally, in E4, students formalized their findings, 
allowing them to answer key questions (see Figure 25 
and Figure 26). 

Theoretical analysis: In E1, visualization was 
emphasized, enabling students to interpret homothety 
through concrete examples and explore its function 
using graphical representations. The ability to 
manipulate the artifact activated semiotic genesis, as 
students linked the mathematical object to its semiotic 
representation within the digital tool. In E2, students 
engaged in data recording, reinforcing the 
representamen component by linking mathematical 
objects to meaningful elements in the construction 
process. In E3, students applied homothety definitions 
and properties, activating the referential component. 
This knowledge enabled them to perform calculations 
and transition into E4, where they formalized their 
results and conclusions. 

Regarding the activated genesis and vertical planes, 
the instrumental genesis was mobilized as students 
manipulated the digital tool to complete their 
constructions and analyze homothety’s function. The 

transition between artifacts and their semiotic 
representations supported the activation of the [Sem-Ins] 
plane.  

DISCUSSION  

The results indicate how a sequence of tasks fosters 
mathematical work among first-year secondary students 
in the study of homothety, addressing a key need 
identified by Labra-Peña and Vanegas-Ortega (2022), 
regarding the importance of exploring didactical 
strategies that deepen students’ conceptual 
understanding. The task sequence is designed to 
overcome limitations in geometry instruction, 
particularly those stemming from textbook-based 
approaches that emphasize rote memorization (Gómez-
Calalán & Andrade-Molina, 2022). Instead, this 
approach prioritizes students’ active knowledge 
construction through their own productions and task 
progression. 

From the perspective of the MWS framework, which 
enabled the analysis of students’ mathematical activity 
throughout the task sequence, a progressive activation of 
the components, geneses, and planes that constitute their 
personal MWS was identified. To provide an overview 
of this progression, Table 2 summarizes the task-by-task 
analysis.  

Task 1 introduced students to the concept of 
homothety through the use of concrete materials, 
fostering teacher-student interaction to support 
conceptual acquisition. This initial stage of the sequence 
predominantly activated the components of 
visualization and artifact use, enabling students to 
establish connections between the mathematical object 
and various forms of representation. The interaction 
between these components strengthened the 
instrumental plane, which became dominant due to the 
involvement of non-mathematical artifacts. This task 

 
Figure 25. Student 2’s response to part 1 of the task (Source: 
Authors’ own elaboration) 

 
Figure 26. Student 1’s response to part 2 of the task (Source: 
Authors’ own elaboration) 
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thus lays the conceptual foundation for engaging with 
the mathematical object under study. 

 Task 2 was one of the most complex in the sequence, 
as it incorporated mathematical artifacts such as the 
ruler and compass to explore complex concepts related 
to homothety construction. This task privileged 
instrumental and discursive genesis, aligning with 
Kuzniak (2022), who argues that these components are 
essential for validating mathematical constructions. The 
task also allowed students to engage in Balacheff’s (1987, 
2000) proof model, where they articulate conclusions 
and validate them through calculations–for instance, by 
determining the homothety ratio for all segments. 

Task 3 and task 4 introduced a digital tool, GeoGebra, 
as an artifact that contributes to the activation of 
students’ personal MWS. The integration of this software 
not only activated semiotic genesis but also facilitated 
connections between visualization and referential 
components within real-world contexts, aligning with 
the claims of Restrepo-Ochoa (2022) and García-Cuéllar 
(2023) regarding the value of this tool for exploring 
geometric concepts dynamically. The use of GeoGebra 
also mobilized instrumental genesis, thereby activating 
the semiotic-instrumental plane. These tasks enabled 
students to apply and consolidate their understanding of 
the definitions and properties of homothety. 

The task analysis and results confirm that the 
implemented sequence meets the third condition for an 
emblematic task as proposed by Kuzniak and Nechache 
(2016): the task fosters complete mathematical work for 
students. The evidence collected during the 
implementation illustrates the activation and circulation 
among the various components, geneses, and planes that 
constitute students’ personal MWS.  

CONCLUSIONS  

The designed and implemented task sequence aligns 
with the definition of an emblematic task, as proposed 
by Kuzniak and Nechache (2016). It is representative of 
classroom instruction within this specific educational 
context, fulfilling the three necessary conditions: 
presence in the reference MWS, as it is included in the 
mathematics curriculum program; integration into the 

suitable MWS, as it appears in the teacher’s guide and 
student’s textbook; and facilitation of complete 
mathematical work, achieved progressively throughout 
the sequence. 

Since tasks serve as a medium for studying 
mathematical work, the results directly address the 
research question regarding how do first-year secondary 
students respond to a redesigned task-based proposal 
that fosters mathematical work on homothety? 
Furthermore, the analysis of students’ mathematical 
solutions provides valuable information for teachers, as 
it reveals their level of understanding of the content 
addressed and helps identify difficulties or errors that 
may arise, insights that are essential for adjusting 
instructional strategies and feedback. 

Overall, the student’s personal MWS is significantly 
activated, allowing them to navigate different 
components to organize their mathematical work 
according to their understanding and skill set. However, 
initial limitations were observed due to students’ 
challenges in operating certain artifacts, which initially 
hindered their ability to construct mathematical objects. 
Nevertheless, these challenges provided an opportunity 
for students to adapt to their mathematical work and 
successfully engage with the proposed learning 
situations. This study aims to contribute to the teaching 
of homothety and serve as a foundation for designing 
future task sequences in geometry and other 
mathematical domains. The findings highlight the 
potential for improving instructional approaches in 
mathematics textbooks, fostering a more student-
centered learning experience. 

One limitation of this study is time constraints, as the 
task sequence was implemented during the second 
semester of the Chilean school year. This period is 
affected by external factors in educational institutions. 
For future research, a broader case study is 
recommended to analyze students’ mathematical work 
progression before and after the task sequence 
implementation. This would allow for a deeper 
understanding of how students engage with new 
mathematical concepts and how their learning process 
evolves through task-based instruction. 

Table 2. Summary of activated components, genesis, and planes in the student’s personal MWS 

Task Topic Activated components Activated genesis Activated planes 

T. 1 
(Introductory) 

Basic notions using concrete 
materials 

Representamen, visualization, 
artifacts, construction, & referential 

Semiotic 
instrumental 

[Sem-Ins] 

T. 2 Construction with ruler and 
compass to determine the 

homothety ratio 

Representamen, visualization, 
artifacts, construction, referential, & 

proof 

Semiotic 
instrumental 

discursive 

[Ins-Dis] 
[Sem-Dis] 
[Sem-Ins] 

T. 3 Homothety constructions in 
GeoGebra (direct and inverse) 

Representamen, visualization, 
artifacts, construction, & referential 

Semiotic 
instrumental 

[Sem-Ins] 

T. 4 Real-world applications of 
homothety using GeoGebra 

applets 

Representamen, visualization, 
artifacts, construction, & referential 

Semiotic 
instrumental 

[Sem-Ins] 
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