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Abstract 

This paper aims to characterize the subfields of problems emerging from problem-situations of 

the derivative in university textbooks proposed for the training of civil and commercial engineers. 

Thirteen textbooks used for the teaching of the derivative in the syllabi of different Chilean 

universities were qualitatively analyzed. The notion of epistemic configuration of the onto-

semiotic approach to mathematical knowledge and education was used for this purpose. It is 

observed that a complex approach to the derivative is adopted in the textbooks considered. A 

total of 21 subfields of problems appear, although not all the textbooks extensively use subfields 

of derivative problems. The findings of this research establish relevant guidelines for the design 

of a specific didactic proposal to learn the construction of the derivative in engineering courses. 
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INTRODUCTION 

Mathematics, understood as a basic science, is 
fundamental for all areas of knowledge. The derivative 
mathematical object is key for engineers, especially civil 
and commercial engineers. Not only does it allow the 
study of the behavior of functions and variational 
analysis, but also the optimization of resources and 
marginal analysis, amongst other aspects. Moreover, its 
different ways of representation make it one of the most 
widely used mathematical objects in microeconomics, 
especially in topics related to understanding economic 
and mathematical concepts (Ballard & Johnson, 2004; 
Butler et al., 1998; García et al., 2006; Hey, 2005). They 
reveal difficulties in the interpretation of economic 
situations due to the poor understanding of the 
mathematical meanings that organize them (Ariza & 
Llinares, 2009). 

As a consequence of its various applications, the 
derivative has become one of the fundamental 
mathematical objects present in the educational 
processes of the different engineering disciplines. 
Several studies have been conducted on the complexity 
of its meanings, its multiple representations, the 
teaching and learning processes of engineering students, 
the appropriateness of the meaning of the derivative in 

the different curricula, and the partial meanings in 
university teaching textbooks for engineering (Galindo 
Illanes & Breda, 2023, 2024; Galindo Illanes et al., 2022; 
Larios & Jiménez, 2022; Larios et al., 2021; Pino-Fan et al., 
2018; Rodríguez-Nieto et al., 2022, 2023). The 
organization of the components in which this complexity 
is clear is present in almost all emerging theoretical 
frameworks in the area of mathematics education. 
Working with the different meanings of a mathematical 
object is an aspect proposed by the onto-semiotic 
approach (OSA) to mathematical knowledge and 
education (Godino et al., 2007), which proposes to 
analyze the complexity of mathematical objects through 
their pluri-meanings (partial meanings). One of the 
central elements of the complexity of the derivative is 
framed in the partial meanings of the problem-situations 
proposed for the teaching and learning of this 
mathematical object. 

One of the resources that most influences the 
construction of the meaning of a mathematical object are 
the textbooks considered in the curricula of institutions. 
Teachers use them to organize and implement lessons, 
and they are hence part of the students’ educational 
process (Larios & Jiménez, 2022). The analysis of 
textbooks does not replace classroom observation. 
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However, it can provide information to build assessment 
instruments and to improve teaching (Alvarado & 
Batanero, 2008). Pino-Fan et al. (2013) found five PFs of 
the derivative in an analysis of problem situations of the 
mathematical object present in textbooks in Mexico. 
They are summarized as PFs on tangents; on calculating 
instantaneous rates of change; on instantaneous 
variance; on applying the derivative for calculating 
maxima and minima, the analysis of graphs of functions 
etc.; and on calculating derivatives from derivative rules 
and theorems. Galindo Illanes and Breda (2023) adopted 
these five PFs to analyze the complexity of the problem-
situations that appear in the textbooks for commercial 
engineering courses in Chile. However, they did not 
perform an in-depth analysis of this complexity based on 
the refinement of the problem-situations of the 
derivative present in these teaching textbooks. 

With the aim of conducting a study of the 
categorization of the problem-situations of the 
derivative in textbooks, based on the extension of the 
research carried out in Pino-Fan et al. (2013) and Galindo 
Illanes and Breda (2023), it is of great interest to 
investigate how the meanings of the derivative are 
organized in the problem-situations in the textbooks 
used in engineering courses. In this regard, this paper 
seeks to characterize the problem subfields of the 
problem-situations of the derivative in the university 
textbooks proposed for the training of civil and 
commercial engineers. 

THEORETICAL FRAMEWORK 

The theoretical perspective adopted in this research 
is the OSA (Godino et al., 2007, 2019). Font et al. (2013) 
explain that the notion of complexity of the 
mathematical object and the organization of the 
components of this complexity play a key role. 
Understanding complexity, in terms of a plurality of 
meanings, is a result of the pragmatist view of meaning 
assumed in the OSA. From a pragmatist point of view, 
the meaning of a mathematical object is understood as 
the set of practices in which that object intervenes in a 
decisive manner (or not). A mathematical object, which 
has originated emerging from the system of practices 
that allows a certain PF to be solved, is framed over time 
in different research programs. Each new research 
program enables solving new types of problems, 
applying new procedures, linking the object (and, 
therefore, and defining it) in a different manner, using 

new representations, etc. Hence, in the course of time, 
new subsets of practices appear that expand the meaning 
of the object. 

In the OSA, a mathematical activity is assumed to be 
a human activity centered on problem-solving, taking 
place in a given time-space, through a sequence of 
practices that are often considered processes (of 
meaning, conjecturing, arguing, etc.). The OSA therefore 
proposes the notion of problem-situation of 
mathematical practice (sequence of practices) that takes 
place during the resolution of these problem situations. 
In particular, the use and/or emergence of the primary 
objects of the configuration (problem situations, 
language, procedures, concepts/definitions, 
propositions and arguments) occur throughout the 
respective mathematical processes of communication, 
problematization, definition, enunciation, development 
of procedures (creation of algorithms and routines), and 
argumentation (applying the process-product duality).  

For the derivative mathematical object, Pino-Fan et al. 
(2011) characterized its complexity through nine 
configurations of primary objects:  

(1) tangent in Greek mathematics,  

(2) variation in the Middle Ages,  

(3) algebraic methods to find tangents,  

(4) cinematic conceptions for the tracing of tangents,  

(5) intuitive ideas of limits for calculating maxima 
and minima,  

(6) infinitesimal methods in the calculation of 
tangents,  

(7) calculation of fluxions,  

(8) calculation of differences, and  

(9) the derivative as limit.  

In Pino-Fan et al. (2013) these nine configurations are 
used to reconstruct the global meaning of the derivative, 
which is employed to assess the representativity of the 
intended meaning in the Mexican baccalaureate 
curriculum (based on the configurations of the primary 
objects activated in the mathematical practices proposed 
both in the curriculum and in textbooks of that level). 
With respect to the PFs of the derivative present in the 
textbooks, Pino-Fan et al. (2013) propose five categories.  

Of the types of primary mathematical objects present 
in the OSA, this paper considers problem-situations for 
the analysis of the derivative. Problem-situations are 
understood as phenomenological situations that give 

Contribution to the literature 

• Use of the epistemic configuration of the OSA in a detailed way for the configuration of new problem 
fields (PFs) on the derivative. 

• Emergence of 21 problem subfields of the derivative applied to engineering courses. 

• The wide variety of problem subfields allows the design of didactic proposals for the learning of the 
derivative in engineering courses. 
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rise to mathematical activities and can be categorized 
into types or PFs. To this end, the presence of subfields 
of problems of the major PFs of the derivative in a 
sample of textbooks based on the five categories 
proposed in Pino-Fan et al. (2013) are analyzed.  

METHODOLOGY  

The study context, the data collection instruments, 
and the data analysis are explained in this section.  

Context of the Study and Data Collection Instruments 

Textbooks are considered a very important resource 
in the teaching and learning of mathematics. Teachers 
use the ones that appear in the bibliographies of the 
programs of study to plan and implement their lessons 
(Galindo Illanes & Breda, 2023). This means textbooks 
influence the teacher’s teaching and the students’ 
learning. They hence occupy a crucial role in the 
determination of the intended meaning. 

Following Galindo Illanes and Breda (2023), thirteen 
engineering-oriented mathematics textbooks that 
provide a broad spectrum of the meaning of the 
derivative, were considered. They are classified into six 
mathematics textbooks applied to commercial 
engineering, and seven classic textbooks on the teaching 
of calculus for civil engineering (see Table 1). 

The steps followed for the content analysis of 
textbooks are those established by Alvarado and 
Batanero (2008), which can be summarized, as follows: 

✓ determine the university mathematics textbooks 
to be analyzed, 

✓ select the chapters by means of a detailed reading 
of the ones that address the subject, 

✓ determine the elements of meaning, specifically 
the PFs, based on the epistemic analysis, 

✓ draw up comparative tables showing the PFs in 
the different textbooks selected, 

✓ carry out comparative content analysis, and 

✓ present the conclusions by means of a descriptive 
analysis of the data obtained. 

Based upon the 13 textbooks, the organization of the 
contents was identified, and the chapters addressing the 
derivative were selected. Next, the presence of the PFs of 
the historical study conducted by Pino-Fan et al. (2013) 
was analyzed. The PFs are summarized, as follows:  

(1) PFs on tangents,  

(2) PFs on calculating instantaneous rates of change 
(referring to the quotient between two quantities 
of magnitude),  

(3) PFs on instantaneous variance (referring to the 
quotient between two numbers without reference 
to quantities of magnitude, commonly known as 
the incremental quotient limit),  

(4) PFs on applying the derivative for calculating 
maxima and minima, the analysis of graphs of 
functions, etc., and  

(5) PFs on calculating derivatives from derivative 
rules and theorems.  

Table 1. Engineering-oriented mathematics textbooks (Ts) 

No Title Authors Publisher Edition 

T1 Matemáticas aplicadas a la administración y la economía 
[Mathematics applied to administration and economics] 

Arya and Lardner 
(2009) 

Pearson 5th 

T2 Matemáticas para administración y la economía [Mathematics for 
management and economics] 

Haeussler et al. 
(2008) 

Pearson 12th 

T3 Cálculo para administración, economía, ciencias biológicas y 
sociales [Calculus for administration, economics, biological and 
social sciences] 

Hoffmann et al. 
(2006) 

McGraw Hill 8th 

T4 Matemáticas aplicadas para administración, economía y ciencias 
sociales [Applied mathematics for administration, economics and 
social sciences] 

Budnick (2007) McGraw Hill 4th 

T5 Matemáticas para administración y economía [Mathematics for 
administration and economics] 

Tan (2005) Thomson 3rd 

T6 Teoría y problemas de cálculo para administración, economía y 
ciencias sociales [Theory and problems of calculus for 
administration, economics and social sciences] 

Dowling (1992) McGraw Hill 1st 

T7 Thomas’ cálculo una variable [Thomas’ one variable calculus] Thomas et al. (2015) Pearson 13th 
T8 Cálculo diferencial e integral [Differential and integral calculus] Purcell et al. (2007) Pearson 9th 
T9 Cálculo tomo 1 [Calculus volume 1] Larson and 

Edwards (2016) 
McGraw Hill 10th 

T10 Cálculo trascendentes tempranas [Early transcendental calculus] Stewart (2018) Cengage Learning 8th 
T11 El cálculo [The calculus] Leithold (1998) OPU 7th 
T12 Cálculo diferencial [Differential calculus] Ortiz (2014) GEP 1st 
T13 Cálculo diferencial e integral [Differential and integral calculus] Aguilar et al. (2010) Pearson 1st 

Note. OUP: Oxford University Press & GEP: Grupo Editorial Patria 
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Through the analysis of the PFs in the textbooks, 21 
subfields of Galindo Illanes and Breda (2023) problems 
were identified (Table 2). This first analysis enables 
showing and giving examples of the emergence of each 
PF subcategory and carrying out a detailed 
characterization of the PFs of the derivative in the 
textbooks.  

RESULTS  

Manuscript should be typed using word processors 
(Microsoft Word or Open Office) software. The results of 
the analysis, which provide specific examples that clarify 
the different subfields of problems encountered in the 
PFs on the derivative in textbooks, are presented below. 

PFs on Tangents 

To analyze the presence of this PF, attention needs to 
be paid to the construction of the tangent line to a curve 
considered in the textbooks on the concept. It is 
interesting to identify if the type of activities, exercises, 
and/or examples in the textbooks allow extending the 
Euclidean notion of the tangent line to the Cartesian and 
Leibnizian ones, considering the infinitesimal methods, 
since the calculation leads students to the highest levels 
of generality of the tangent (Santi, 2011). Examples of 
four subfields of this PF present in the textbooks are 
shown below. The objective is to understand the 
geometric interpretation of the derivative, previously 
considering the concept of tangent line (Galindo Illanes 
& Breda, 2023, 2024). 

1. Calculation of the slope of a tangent line to a curve at a 
point using the Cartesian notion (approximation by 
secant lines)  

This type of task is commonly used to construct the 
algebraic definition of the derivative at a point through 
its geometric interpretation. To do so, the Cartesian 
notion of the slope of a tangent line to a curve at a point 
is considered the limit of slopes of secant lines. Its 

Table 2. PFs, identifier (ID), and description of the PF (Galindo Illanes & Breda, 2023) 

PF ID Description of the PF 

A A1 Calculation of the slope of a tangent line to a curve at a point using the Cartesian notion 

A2 Calculation of the slope of a tangent line tangent to a curve at a point using Leibniz’ triangle 

A3 Calculation of the equation of a tangent line to a curve at a point using the derivative 

A4 Calculation of the slope of a tangent line to a curve to obtain an instantaneous rate of change 

B B1 Calculation of instantaneous rates of marginal change 
B2 Population growth 
B3 Calculation of instantaneous speed 
B4 Relative and percentage rates of change for economic functions 
B5 Rates of change applied to other areas of knowledge 

C C1 Instantaneous variance of real functions 

C2 Relative and percentage rates of change for real functions 

D D1 Analysis of the graph of real functions (monotonicity) and of areas of knowledge other than economics 
D2 Analysis of the graph of economic functions (monotonicity) 
D3 Calculation of local maxima and minima in applied economics problems using the criterion of the first or second 

derivative for relative extrema 
D4 Calculation of local maxima and minima in real functions and in areas of knowledge other than economics, using 

the criterion of the first or second derivative for relative extrema 
D5 Absolute extrema on a closed interval 
D6 Analysis of concavity of real and economic functions 

E E1 Calculation of higher order derivatives 

E2 Calculation of implicit derivatives 

E3 Newton’s method for approximating roots of polynomials 

E4 L’Hôpital’s rule for calculating limits 
 

 
Figure 1. Example of A1 present in T2 (Haeussler et al., 
2008, p. 482) 
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development is commonly tabular (calculation of slopes 
of nearby secant lines) with graphical support. An 
example is shown in Figure 1. 

Another typical development of this PF present in the 
textbooks is to determine the slope of the tangent line to 
the curve at a point using its algebraic definition (limit 
calculation), to then move on to the definition of the 
derivative of a function at a point. A standard example 
is shown below. Its solution, which is proposed in the 
textbook, uses the algebraic definition of the slope of the 

tangent line 𝑚𝑡𝑎𝑛 = lim
ℎ→0

𝑓(𝑥1+ℎ)−𝑓(𝑥1)

ℎ
. Figure 2 provides 

an example. 

2. Calculation of the slope of a tangent line to a curve at a 
point using Leibniz’s triangle 

This type of task provides the graph of the curve, 
which is usually represented in a grid. A ruler is used to 
determine an approximation of the slope of the tangent 
line at a point.  

Moreover, it allows identifying a tangent line to a 
curve at a point in a graph. Leibniz’s differential triangle 
is used to determine an approximation of the slope. An 
example is shown in Figure 3. 

3. Calculation of the equation of the tangent line to a 
curve at a point using the derivative 

This is a type of task that allows strengthening the 
geometric interpretation of the derivative function, as 
well as to understand, from the notion of process, that 
the slope of a tangent line to a curve at a point 
corresponds to the derivative of the curve evaluated at 
the point of tangent. In the examples provided below, in 
order to find the equation of the tangent line, the 
derivative at the point of tangency must first be found. 
In both examples, the derivative is first calculated. In the 
first one (Figure 4), the algebraic definition of the 
derivative is used, and, in the second (Figure 5), the 
derivative rules are used.  

Subsequently, in both examples, the derivative is 
evaluated at the point of tangency. The examples are 
presented in Figure 4 and Figure 5. 

4. Calculation of the slope of a tangent line to a curve to 
obtain the instantaneous rate of change 

This type of problem-situation allows applying the 
tangent line to a curve as the instantaneous rate of 

 
Figure 2. Example of A1 present in T6 (Dowling, 1992, p. 99) 

 
Figure 3. Example of A2 present in T8 (Purcell et al., 2007, 
p. 97) 

 
Figure 4. Example of A3 present in T9 (Larson & Edwards, 
2016, p. 103) 

 
Figure 5. Example of A3 present in T9 (Larson & Edwards, 
2016, p. 115) 
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change. We then move on to the geometric interpretation 
of the derivative. It is common to see that this type of 
exercise considers physics problems in textbooks. Figure 

6 shows an example. 

PFs on Calculating Instantaneous Rates of Change 

In order to understand and model certain economic 
situations, it is essential for students to be able to extract 
the information provided by the graphical 
representations of the relationships between variables 
and the measurement of the variance of change (Ariza & 
Llinares, 2009). It is hence important to consider the idea 
of variance and change when constructing the derivative 
concept (Zambrano et al., 2019), and to incorporate 
variational elements and give meaning to the different 
elements related to variance (Vrancken & Engler, 2014). 

To establish instantaneous rates of change, 
understood as the “quotient” between two quantities of 
magnitude, an average rate of change is initially used, 

for example, 𝑣𝑎𝑣𝑒𝑟𝑎𝑔𝑒 =
𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡

𝑡𝑜𝑡𝑎𝑙 𝑡𝑖𝑚𝑒 𝑡𝑎𝑘𝑒𝑛
=

∆𝑠

∆𝑡
 (average rate 

of change of s with respect to t), which is developed 
tabularly in order to introduce the incremental notation 

and subsequently the differential notation lim
∆𝑡→0

∆𝑠

∆𝑡
=

𝑑𝑠

𝑑𝑡
, . 

Finally, the derivative is represented as 𝑠′(𝑡) =
𝑑𝑠

𝑑𝑡
 

(Inglada & Font, 2003). In the following, examples of the 
five subfields of this PF are considered, which enables 
understanding and modelling certain applied situations. 

1. Calculation of instantaneous rates of marginal change 
(marginal cost, marginal revenue, marginal utility, 
marginal productivity, marginal return, marginal tax 
rate, and marginal propensity to save and consume) 

To begin the analysis of the presence of this 
subcategory, it is worth mentioning that the textbooks 
algebraically define marginal concepts in economics 
using the concept of rate of change. For example,  

“A manufacturer found that the total cost function 
c=f(q) gives the total cost c of producing and 
marketing q units of a product. The rate of change 
of c with respect to q is called marginal cost. Thus, 

𝑀𝑎𝑟𝑔𝑖𝑛𝑎𝑙 𝑐𝑜𝑠𝑡 =
𝑑𝑐

𝑑𝑞
” (Haeussler et al., 2008, p. 

501).  

It should be mentioned that the proposals of the 
textbooks consider the calculation of the derivative 

function in their developments. Although the method of 
obtaining it is not specified, it is observed that most of 
them use derivative rules. Figure 7 provides an example. 

2. Population growth 

To find the rate of change of population growth over 
time, the textbooks use the derivative of the function 
representing a number of people over time, evaluated at 
the time in question. This kind of exercise is usually 
proposed in sections at the end of a chapter, which can 
be either at the rate of change, or on derivative rules. An 
example is given in Figure 8. 

3. Calculation of instantaneous speed 

To find the instantaneous speed of a moving object, 
the derivative of the position function with respect to 
time, evaluated at the time in question, is used. Usually, 
this type of exercise is proposed in two places in the 

 
Figure 6. Example of A4 present in T10 (Stewart, 2018, p. 150) 

 
Figure 7. Example of B1 present in T7 (Thomas et al., 2015, 
p. 136) 

 
Figure 8. Example of B2 present in T10 (Stewart, 2018, p. 
206) 
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textbooks, either in the introduction of a chapter to 
construct the derivative at a point as the instantaneous 
rate of change, or at the end of a chapter, which can 
either be on the rate of change or on derivative rules. 
Figure 9 provides an example. 

4. Relative and percentage rates of change for economic 
functions (percentage rate of change of income as a 
function of percentage change in units or price, 
percentage rate of change of quantity as a function of 
percentage change in price [elasticity of demand])  

The textbooks algebraically define the concepts of 
relative and percentage rates for economic functions 
using the concept of rate of change. For example, 

“Definition: The relative rate of change of 𝑓 (𝑥) is 
𝑓´(𝑥)

𝑓(𝑥)
. The percentage rate of change of 𝑓 (𝑥) is 

𝑓´(𝑥)

𝑓(𝑥)
∗

100” (Haeussler et al., 2008, p. 504). 

These kinds of problems are usually proposed in 
sections at the end of the chapter on the derivative as a 
rate of change as homework for the reader. An example 
is presented in Figure 10. 

5. Rates of change applied to other areas of knowledge 

These problems are typically proposed in sections at 
the end of the chapter on the derivative as a rate of 
change as homework for the reader. Figure 11 offers an 
example. 

PFs on Instantaneous Variance 

This PF refers to the quotient between two numbers 
without reference to quantities of magnitude. It is 
commonly known as the incremental quotient limit. 
Figure 12 and Figure 13 offer examples of the two 
subfields of this PF, which allow the concept of variance 
to be applied in different contexts. 

1. Instantaneous variance of real functions 

2. Relative and percentage rates of change for real 
functions  

PFs on Applying the Derivative for Calculating Maxima 
and Minima, the Analysis of Graphs of Functions, etc.  

 Figure 14 and Figure 15 are examples of two 
subfields of this PF. It enables applying the concept of 

 
Figure 9. Example of B3 present in T8 (Purcell et al., 2007, p. 
94) 

 
Figure 10. Example of B4 present in T3 (Hoffmann et al., 
2006, p. 114) 

 
Figure 11. Example of B5 present in T3 (Hoffmann et al., 
2006, p. 120) 

 
Figure 12. Example of C1 present in T2 (Haeussler et al., 
2008, p. 500) 

 
Figure 13. Example of C2 present in T2 (Haeussler et al., 
2008, p. 504) 

 
Figure 14. Example of D1 present in T5 (Tan, 2005, p. 628) 

 

 
Figure 15. Example of D3 present in T5 (Budnick, 2007, p. 
813) 
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derivative to the analysis of the monotonicity of 
functions in different contexts and obtaining relative 
extrema. 

1. Analysis of the graph of real functions (monotonicity) 
and of areas of knowledge other than economics 

2. Calculation of local maxima and minima in applied 
economics problems using the criterion of the first or 
second derivative for relative extrema 

PFs on Calculating Derivatives from Derivative Rules 
and Theorems 

Examples of the subfields of this PF, such as the 
application of the derivative concept through its 
derivation rules to the calculation of higher order 
derivatives (Figure 16), the calculation of implicit 
derivatives (Figure 17), the approximation of roots 
(Figure 18), and limit theory (Figure 19) are presented 
below. 

1. Calculation of higher order derivatives  

2. Calculation of implicit derivatives 

3. Newton’s method for approximating roots of 
polynomials. Construction by means of tangent lines  

4. L’Hôpital’s rule for calculating limits 

The subfields of problems present in the 13 textbooks 
analyzed are shown in Table 3. 

With regard to the PFs, all mathematics textbooks 
applied to economics and business include PFs on the 
derivative that consider the calculation of the equation 
of the tangent line to a curve at a point. The presence of 
the calculation of instantaneous rates of change, 
marginal, population, relative and percentage rates, 
especially considering real and applied functions in this 
area of knowledge is also observed. The analysis of 
monotonicity, concavity, and relative extrema of real 
functions and those applied to economics, using the 
criteria of first and second derivatives also appear.  

All classic calculus textbooks for engineering include 
PFs that consider the calculation of the equation of the 
tangent line to a curve at a point using derivatives, the 
calculation of instantaneous rates of change of functions 
applied to other areas of knowledge, and the analysis of 
monotonicity, and relative extrema of real functions and 
functions applied to other areas of knowledge, other 
than economics. In addition, they consider the 
calculation of higher order derivatives and implicit 
functions using derivative rules and theorems. 

Finally, it is observed that the main differences 
between the mathematics textbooks applied to 
economics and business and the classic textbooks for 
engineering are found in the subfields of problems of PFs 
B4, C2, D2, E2, E3, and E4. Moreover, in the classic 
textbooks, the number of problems and tasks applied to 
the area of economics and business is greatly reduced, 
and the emphasis on the partial meaning of the 
“derivative as a limit” (incremental quotient limit) is 
noticeable. 

Most textbooks consider introductory problems 
applied to physics, economics, chemistry, pandemics, 
etc. They also contain solved problems, in which the use 
of the concepts is exemplified and the proof of some 
theorems of the derivative is shown. The language used 
is mostly algebraic and, to a lesser extent, graphical (in 
some textbooks with the support of technological 
resources). Finally, each chapter ends with a proposal of 
applied and non-applied problems for the user to solve. 

 
Figure 16. Example of E1 present in T9 (Larson & Edwards, 
2016, p. 127) 

 
Figure 17. Example of E2 present in T9 (Aguilar et al., 2010, 
p. 128) 

 
Figure 18. Example of E3 present in T2 (Haeussler et al., 
2008, p. 556) 

 
Figure 19. Example of E4 present in T2 (Haeussler et al., 
2008, p. 404) 
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DISCUSSION  

The analysis of the thirteen textbooks reveals that the 
contents in most of them are organized in a similar way 
for the construction of the derivative object. A 
predominance of symbolic language is observed in the 
arguments, corroborating with the studies of Vargas et 
al. (2020), although, in some situations, it is supported by 
graphic language. Relevant differences between the 
mathematics textbooks for civil engineering and for 
economics and business are observed in the PFs 
addressed. In civil engineering textbooks, there is a 
preponderance of the derivative interpreted as a ratio of 
change (Galindo Illanes & Breda, 2023).  

With regard to the PFs on tangents, all the textbooks 
consider the calculation of the equation of the tangent 
line to a curve at a point using the derivative. On the one 
hand, in mathematics textbooks applied to economics 
and business (except T4), the construction of the slope of 
a tangent line to a curve at a point using the 
approximation by secant lines is proposed. On the other 
hand, textbooks T3, T5, and T6 use Leibniz’s triangle. 
Furthermore, except for T6, the calculation of slopes of 
tangent lines is considered in order to determine 
instantaneous ratios of change. With regard to the classic 
textbooks on the teaching calculus for engineering, 
except T13, the construction of the slope of a tangent line 
to a curve at a point using the approximation by secant 
lines is proposed, mostly using Leibniz’s triangle and 

considering problem-situations involving the 
calculation of slopes of tangent lines to determine 
instantaneous rates of change, which is in line with the 
studies of Santi (2011). 

For the PCs on calculating instantaneous rates of 
change, on the one hand, all mathematics textbooks 
applied to economics and business consider the 
calculation of instantaneous rates of marginal change, 
relative and percentage rates of change, of instantaneous 
speed, and population growth problems. Except for T6, 
they consider rates of change applied to other areas of 
knowledge different from those mentioned above, 
coinciding with the results considered in Ariza and 
Llinares (2009) and Zembrano et al. (2019). On the other 
hand, all the classic textbooks on teaching calculus for 
engineering consider the calculation of rates of change 
applied to other areas of knowledge. With the exception 
of T13, all the textbooks consider problems of calculating 
instantaneous speed and population growth problems. 
Finally, it is observed that only one textbook (T7) 
considers relative and percentage rate of change 
problems for economic functions, unlike the 
mathematics textbooks applied to business and 
economics. 

With regard to PFs on instantaneous variance, all 
mathematics textbooks applied to economics and 
business consider instantaneous variance of real 
functions and, except for T1 and T6, they all address 
problems of relative and percentage rates of change of 

Table 3. Presence of PFs in the 13 textbooks analyzed (Galindo Illanes & Breda, 2023, p. 288) 

PF T1 T2 T3 T4 T5 T6 T7 T8 T9 T10 T11 T12 T13 

A PFs on tangents 

A1 x x x  x x x x x x x x  

A2   x  x x x x x x    

A3 x x x x x x x x x x x x x 
A4 x x x x x  x x x x    

B PFs on calculating instantaneous rates of change 

B1 x x x x x x x x x x x  x 
B2 x x x x x x x x x x x x  

B3 x x x x x x x x x x x x  

B4 x x x x x x x       

B5 x x x x x  x x x x x x x 

C PFs on instantaneous variance 

C1 x x x x x x  x x x x   

C2  x x x x         

D PFs on applying the derivative for calculating maxima and minima, the analysis of graphs of functions, etc. 

D1 x x x x x x x x x x x x x 
D2 x x x x x x x  x     

D3 x x x x x x x x x x x  x 
D4 x x x x x x x x x x x x x 
D5 x x x x x  x x x x x   

D6 x x x x x x x x x x x   

E PFs on calculating derivatives from derivative rules and theorems 

E1 x x x x x x x x x x x x x 
E2 x x x   x x x x x x x x 
E3  x     x x x x x   

E4  x     x x x x x  x 
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real functions, approaching the proposal made by 
Vrancken and Engler (2014). For the classic textbooks on 
the teaching of calculus for engineering, T8, T9, T10, and 
T11 consider instantaneous variance of real functions, 
and none deal with problems of relative and percentage 
rates of change of real functions, unlike most of the 
mathematics textbooks applied to economics and 
business. 

On the one hand, all the textbooks consider the 
analysis of monotonicity and the calculation of local 
maxima and minimum of real functions and of problems 
applied in areas of knowledge other than economics, 
using the criteria of the first or second derivative for 
relative extrema. Mathematics textbooks applied to 
economics and business consider the analysis of 
monotonicity and the calculation of local maxima and 
minima in problems applied to economics, using the 
criteria of the first or second derivative for relative 
extrema, and the analysis of concavity of real and 
economic functions. However, except for T6, all of them 
consider the calculation of absolute extrema in a closed 
interval. On the other hand, in the classic calculus 
engineering textbooks, only T12 does not consider the 
calculation of local maxima and minima in problems 
applied to economics and uses the criterion of the first or 
second derivative for relative extrema. Most of them, 
except for T12, add the analysis of concavity of real and 
economic functions and the calculation of absolute 
extrema in a closed interval. Only T7 and T9 consider the 
analysis of the monotonicity of economic functions, 
unlike all the mathematics textbooks applied to 
economics and business. These aspects characterize the 
PFs in applying the derivative for calculating maxima 
and minima, the analysis of graphs of functions, etc. 

Finally, with regard to the PFs on calculating 
derivatives from derivative rules and theorems, all the 
textbooks consider the calculation of higher order 
derivatives using derivative rules. Moreover, the 
textbooks on mathematics applied to economics and 
business, with the exception of T4 and T5, consider the 
calculation of implicit derivatives. However, only T2 
considers Newton’s method for approximating roots of 
polynomials and L’Hôpital’s rule as an application of 
derivatives. As for the classic calculus textbooks for 
engineering, all of them consider finding implicit 
derivatives, only T12 does not consider L’Hôpital’s rule, 
and T12 and T13 do not consider Newton’s method for 
approximating roots of polynomials. 

CONCLUSION 

By way of conclusion, the analysis stresses the 
importance of the complex approach to the derivative 
and, especially, the richness of its varied PFs present in 
the textbooks. A total of 21 problem subfields were 
identified in the five categories of PFs previously 
proposed by Pino-Fan et al. (2013), although not all the 

textbooks analyzed use the problem subfields 
extensively. It is especially relevant to highlight that not 
all the textbooks aimed at commercial engineering 
students consider the PF on tangents using Leibniz’s 
triangle, which is an important mathematical notion 
employed in that area of knowledge. Furthermore, it is 
important to bear in mind the relative and percentage 
rates of change for functions of different specializations 
in mathematics textbooks for civil engineers. 

It is considered that the information provided in this 
research has established a wide variety of important PFs 
for the design of a specific didactic proposal for learning 
the construction of the meaning of the derivative in 
engineering courses, expanding on what was presented 
in Galindo Illanes et al. (2023). Depending on the context, 
the use of technology as a didactic resource, the 
increasing order of difficulty in problem-situations, and 
the implementation of different representations are 
considered (Breda et al., 2021). 
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